We calculate the properties of neutron matter and highlight the physics of chiral three-nucleon forces. For neutrons, only the long-range 2π-exchange interactions of the leading chiral threenucleon forces contribute, and we derive density-dependent two-body interactions by summing the third particle over occupied states in the Fermi sea. Our results for the energy suggest that neutron matter is perturbative at nuclear densities. We study in detail the theoretical uncertainties of the neutron matter energy, provide constraints for the symmetry energy and its density dependence, and explore the impact of chiral three-nucleon forces on the S-wave superfluid pairing gap.
We calculate the properties of neutron matter and highlight the physics of chiral three-nucleon forces. For neutrons, only the long-range 2π-exchange interactions of the leading chiral threenucleon forces contribute, and we derive density-dependent two-body interactions by summing the third particle over occupied states in the Fermi sea. Our results for the energy suggest that neutron matter is perturbative at nuclear densities. We study in detail the theoretical uncertainties of the neutron matter energy, provide constraints for the symmetry energy and its density dependence, and explore the impact of chiral three-nucleon forces on the S-wave superfluid pairing gap. 
I. INTRODUCTION
The physics of neutron matter ranges over exciting extremes: from universal properties at low densities [1, 2] that can be probed in experiments with ultracold atoms [3] ; to using neutron matter properties at nuclear densities to guide the development of a universal density functional [4, 5] and to constrain the physics of neutron-rich nuclei; to higher densities involved in the structure of neutron stars [6] . In the theory of nuclear matter, recent advances [7, 8] are based on systematic chiral effective field theory (EFT) interactions [9, 10] combined with a renormalization group (RG) evolution to low momenta [11, 12] . This evolution improves the convergence of many-body calculations [7, 13, 14] and the nuclear matter energy shows saturation with controlled uncertainties [8] . In this paper, we extend theses developments to neutron matter with a focus on three-nucleon (3N) forces.
Our studies are based on evolved nucleon-nucleon (NN) interactions at next-to-next-to-next-to-leading order (N 3 LO) [15, 16] and on the leading N 2 LO 3N forces [17, 18] . In Sect. II, we show that only the longrange 2π-exchange 3N interactions contribute in pure neutron matter. We then construct density-dependent two-body interactions V 3N by summing the third particle over occupied states in the Fermi sea. Effective interactions of this sort have been studied in the past using 3N potential models and approximate treatments (see for example, Refs. [19, 20] ). We derive a general operator and momentum structure of V 3N and analyze the partial-wave contributions and the density dependence of V 3N . This provides insights to the role of chiral 3N forces in neutron matter.
In Sect. III, we apply V 3N to calculate the properties of neutron matter as a function of Fermi momentum k F (or the density ρ = k 3 F /(3π 2 )) based on a loop expan- * E-mail: hebeler@triumf.ca † E-mail: schwenk@triumf.ca sion around the Hartree-Fock energy. Our second-order results for the energy suggest that neutron matter is perturbative at nuclear densities, where N 2 LO 3N forces provide a repulsive contribution. We study in detail the theoretical uncertainties of the neutron matter energy and find that the uncertainty in the c 3 coefficient of 3N forces dominates. Other recent neutron matter calculations lie within the resulting energy band. In addition, the energy band provides constraints for the symmetry energy and its density dependence. Finally, we study the impact of chiral 3N forces on the 1 S 0 superfluid pairing gap at the BCS level. We conclude and give an outlook in Sect. IV.
II. THREE-NUCLEON FORCES AS DENSITY-DEPENDENT TWO-BODY INTERACTIONS
Nuclear forces depend on a resolution scale, which is generally determined by a momentum cutoff Λ, and are given by an effective theory for scale-dependent two-and corresponding many-nucleon interactions [9] [10] [11] 21] :
Our calculations are based on chiral EFT interactions. We start from the N 3 LO NN potential (Λ = 500 MeV) of Ref. [15] and use the RG to evolve this NN potential to low-momentum interactions V low k with a smooth n exp = 4 regulator with Λ = 1.8 − 2.8 fm −1 [12, 22] . This evolution softens the short-range repulsion and shortrange tensor components of the initial chiral interaction [7, 23] . Based on the universality of V low k [8, 12] , we do not expect large differences starting from different N 3 LO potentials.
In chiral EFT without explicit Deltas, 3N forces start at N 2 LO and contain a long-range 2π-exchange part V c , an intermediate-range 1π-exchange part V D and a short-range contact interaction V E [17, 18] :
The 2π-exchange interaction is given by
where q i = k ′ i − k i denotes the difference of initial and final nucleon momenta (i, j and k = 1, 2, 3) and
while the 1π-exchange and contact interactions are given respectively by
with g A = 1.29, f π = 92.4 MeV, m π = 138.04 MeV and Λ χ = 700 MeV. For 3N interactions, we use a smooth regulator as in Ref. [8] ,
with a 3N cutoff Λ 3NF that is allowed to vary independently of the NN cutoff and probes short-range threebody physics. Here, p and q are initial Jacobi momenta (the final Jacobi momenta are denoted by p ′ and q ′ ). The exchange terms of the 3N force are included by means of the antisymmetrizer
where P ij is the exchange operator for spin, isospin and momenta of nucleons i and j. The regulator f R (p, q) is totally symmetric when expressed in the nucleon momenta k i , and thus the direct and exchange terms contain the same regulator.
In this work, we take the N 2 LO 3N forces as a truncated basis for low-momentum 3N interactions and assume that the c i coefficients of the long-range 2π-exchange part V c are not modified by the RG evolution. This follows the strategy adapted in Refs. [7, 8, 24] , until it will be possible to evolve many-body forces in momentum space starting from chiral EFT. For chiral low-momentum interactions, the c D and c E couplings have been fit for various cutoffs to the 3 H binding energy and the 4 He radius in Ref. [8] . However, as will be shown in the following, in pure neutron matter only the c 1 and c 3 terms of the 2π-exchange part V c contribute, so that the leading low-momentum three-neutron interactions will not depend on the shorter-range parts. Since the c D and c E couplings do not enter in neutron matter, we take for the c i coefficients the consistent values used in the N 3 LO NN potential of Ref. [15] , in particular c 1 = −0.81 GeV −1 and c 3 = −3.2 GeV −1 . In addition, we will estimate the uncertainties of the two assumptions we have made for 3N forces. First, we will vary the cutoff to probe the sensitivity to neglected short-range many-body interactions and to the completeness of the many-body calculation. Second, we will study the dependence of our results on the choice of the c i coefficients within their theoretical uncertainties in Sect. III D.
A. Chiral 3N forces in neutron matter
Neutron matter presents a very interesting system, because only certain parts of the N 2 LO 3N forces contribute (see, for instance, Ref. [25] ). First, the contact interaction V E vanishes between antisymmetrized states, because three neutrons cannot interact in relative S-wave states due to the Pauli principle.
Second, the antisymmetrized 1π-exchange part V D vanishes due to the particular spin-momentum structure of this interaction. With τ i · τ j = 1 for neutrons, one has
where in Eq. (10) and in the following the isospin exchange operator P τ ij = 1 in the antisymmetrizer. The sum over i = j = k can be grouped into three terms, σ 1 · q 1 (σ 2 + σ 3 ) · q 1 , and with 1 (23) replaced by 2 (13) and 3 (12) . The first of these three terms is independent of the momenta of particles 2 and 3 and is nonvanishing only if the spin part of the wave function is symmetric under the exchange of the spins of particles 2 and 3. This implies P 23 = 1 and using the product representation of the antisymmetrizer, Eq. (8), leads to
The other two terms in V D vanish similarly. The physical reason for A 123 V D nnn = 0 is that the two particles interacting through the contact interaction c D of Eq. (2) are required to be in a symmetric two-body spin state due the structure σ i + σ j (because pion exchange couples to the sum of the spins), but the interaction does not depend on the momenta of these two particles, which means the momentum-space wave function will be symmetric. Therefore, the two particles cannot be in an overall antisymmetric state. Finally, the c 4 term in Eq. (4) of the 2π-exchange part V c does not contribute for neutrons, because of the isospin structure with nnn|τ 1 · (τ 2 × τ 3 )|nnn = 0. As a result, the N 2 LO 3N force in neutron matter is given by
The direct, single-and double-exchange terms included in Eq. (12) are shown diagrammatically in Fig. 1 . Since c 3 is typically a factor 4 larger than c 1 and because q i ·q j increases with density compared to m 2 π (for densities of interest q ∼ k F ∼ 2m π ), the N 2 LO 3N force in neutron matter is therefore dominated by the c 3 contribution.
B. Operator structure of V 3N
Based on the N 2 LO 3N force, Eq. (12), we construct an antisymmetrized density-dependent two-body interaction V 3N in neutron matter by summing the third particle over occupied states in the Fermi sea,
where the trace is over the spin of the third particle and n k denotes the Fermi-Dirac distribution function at zero temperature, n k = θ(k F − |k|). The antisymmetrization in Eq. (13) can also be written in a more symmetric form using normalized and antisymmetrized three-body states,
as . Diagrammatically, Eq. (13) corresponds to connecting one incoming and one outgoing line in the antisymmetrized 3N force with a noninteracting propagator:
The resulting density-dependent two-body interaction V 3N corresponds to the normal-ordered two-body part of 3N forces (for normal-ordering, see Refs. [26, 27] ), where the normal ordering is with respect to the Fermi sea. As a result, the antisymmetrized V 3N is added to the antisymmetrized NN interaction V NN,as = (1−P 12 ) V NN when evaluating two-body contributions beyond the HartreeFock level. For the Hartree-Fock (or normal-ordered zero-body) contribution, the 3N diagram has a symmetry factor 1/6, so that V 3N /3 is added to V NN,as at the Hartree-Fock level (see Sect. III A). For one-body contributions, normal ordering leads to V 3N /2 being added to V NN,as , for example, for the first-order contribution to the self-energy. These factors ensure the correct symmetry factors for diagrams involving NN and 3N interactions. The above normal-ordering factors may not always be taken into account properly in the literature [28] [29] [30] (for example, it is incorrect to use V NN,as + V 3N /3 or V NN,as +V 3N for both Hartree-Fock and higher-order contributions).
In addition to the density dependence, the two-body interaction V 3N depends on the incoming and outgoing relative momenta,
, on the spin of particles 1 and 2, and on the two-body center-of-mass momentum
However, as will be shown in Sect. III A, the P dependence is weak compared to the dependence on the relative momenta. This can be understood from the momentum transfers in the pion propagators of Fig. 1 . The momentum transfers in the first two diagrams are k − k ′ , 0 (for the left and right propagators) and k+ k ′ , 0. While these terms vanish in the considered case of V c , the only weak P dependence would arise from the regulator functions in Eq. (12) . For the remaining four diagrams in Fig. 1 , the momentum transfers are k ± k ′ , P/2 ± k ′ − k 3 and P/2+k−k 3 , P/2±k ′ −k 3 . Therefore, the P dependence is only through k ′ 3 = P/2 − k 3 and can be transformed into a dependence due to n P/2−k ′ 3 (by substitution in the integral) and through the regulator functions. For typical center-of-mass momenta P k F , this results in the weak P dependence.
For the derivation of V 3N , we use Mathematica and automate the momentum and spin exchange operations by representing all spin operators in matrix form. The antisymmetrized 3N force in neutron matter, Eq. (12), is represented in this explicit three-particle spin basis and for general particle momenta k i . We then perform the spin trace over the third particle and project the resulting two-body matrix on a complete set of two-body spin operators. In this way, we obtain a general operator structure of V 3N in spin-saturated neutron matter in terms of a set of basic integral functions. Only at this point we transform V 3N to the relative and center-of-mass basis and adapt a fixed-P approximation. Since the number of spin operators is minimal for P = 0, we take P = 0 for simplicity and our final result is given by
where the functions
and the basic integral functions are defined by
In Eqs. (16)- (22), the indices a, b run over the three components of the spin operators, the tensor operator is given by
, and the overline denotes a symmetrization in the relative momentum variables,
In addition, we have introduced the short-hand notation for the integration over the momentum of the third particle,
where the regulator, Eq. (7), expressed in terms of the relative and third-particle momenta for P = 0 is given by
]. The density-dependent two-body interaction V 3N includes all spin structures that are invariant under combined rotations in spin and space in a spin-saturated system. In addition to the central spin-independent and spin-spin (σ 1 · σ 2 ) interactions, the functions A 12 and B 12 include tensor forces (S 12 ), spin-orbit interactions (c V 3N is even (odd) in the scattering angle θ k,k ′ in the two-body spin S = 0 (S = 1) channel.
C. Partial-wave matrix elements of V 3N
Next, we expand V 3N in two-body partial waves and show the diagonal momentum-space matrix elements in Figs. 2 and 3 in the 1 S 0 and the spin-triplet P -wave channels for different Fermi momenta k F = 1.0, 1.2, 1.4 and 1.6 fm −1 (in units where 2 /m = 1, with nucleon mass m). The partial-wave matrix elements are normalized to the direct term (as for NN interactions). In Figs. 2 and 3, we have interpolated between the momentum mesh points. To set the scale, a typical Swave strength for low-momentum NN interactions is V low k (0, 0) ∼ −2.0 fm [11, 12] , but the relative 3N strength depends on whether V 3N is used at the HartreeFock, one-or two-body level (see Sects. III A to III C). We find that the dominant partial wave is the 1 S 0 channel, which is found to be repulsive. In addition, for k F = 1.6 fm −1 we plot in Fig. 3 the central and central plus tensor parts of V 3N . Because S 12 (p)/p 2 = −4/3, 2/3 and −2/15 in the 3 P 0 , 3 P 1 and 3 P 2 channels, we conclude from Fig. 3 that the tensor force in V 3N is repulsive. Moreover, with L · S = −2, −1 and 1 in the 3 P 0 , 3 P 1 and 3 P 2 channels, we observe that the spin-orbit interaction in V 3N (determined by the difference of the solid and dashed lines) is attractive.
The density dependence of the two-body matrix elements depends on the partial wave. In the 1 S 0 channel this dependence can be approximately parameterized (16) and (17)).
by a power of the Fermi momentum,
, with some reference Fermi momentum k F . In the spin-triplet channels this is more complex due to the different momentum and density dependences of the various operator structures in V 3N . Finally, it is possible to improve the P = 0 approximation and to perform the sum over the third particle self-consistently, which corresponds to closing the line in Eq. (14) with the self-consistent propagator. For finite P , one has more allowed spin operators with more complex integral functions that can depend on P but also on the angle of P with respect to k and k ′ . Since V 3N has been derived using Mathematica for general particle momenta k i , this is directly possible. One could then explore angleaveraging over P or averaging over the magnitude of P. However, as will be shown in the next section, the P = 0 approximation is reliable for bulk properties and neutron matter based on chiral low-momentum interactions is sufficiently perturbative, which justifies using the noninteracting density to sum over the third particle.
III. RESULTS
We apply the developed density-dependent two-body interaction V 3N to calculate the properties of neutron matter in a loop expansion around the Hartree-Fock energy. These are the first results for neutron matter based on chiral EFT interactions and including N 2 LO 3N forces. The many-body calculation follows the strategy of Refs. [7, 8, 25] , but with significant improvements for the second-order contributions involving V 3N and with fully self-consistent single-particle energies.
A. Hartree-Fock and P dependence of V 3N
The contributions to the Hartree-Fock energy are shown diagrammatically in Fig. 4 and the first-order NN and 3N interaction energies are given by
where V is the volume and we use the shorthand notation i ≡ k i σ i in the bra and ket states. The momentumconserving delta functions are not included in the NN and 3N matrix elements. It is evident from Eq. (25) that the correct 3N symmetry factor is obtained when the antisymmetrized two-body interaction V
as = (1 − P 12 ) V low k + V 3N /3 is used at the Hartree-Fock level. With the expansion in two-body partial waves, we have
In Eq. (26) and in the following, all partial-wave matrix elements are normalized to the direct term, so that 
NN and E
3N . Middle and bottom rows: Second-order contributions to the energy due to NN-NN interactions E 
V (0)
For N 2 LO 3N forces, the first-order 3N interaction energy has been calculated exactly in Ref. [25] , without the fixed-P approximation in V 3N ,
with k ij = k i − k j . By comparing the Hartree-Fock energy with the density-dependent two-body interaction V 3N for P = 0, Eq. (26) , to the result with the full first-order 3N energy, Eq. (27), we can assess the reliability of the P = 0 approximation in V 3N . Our results for E
NN+3N,eff = E kin + E
NN + E 
3N,eff using V 3N with P = 0 is compared to the exact Hartree-Fock energy E . The P = 0 approximation for V 3N leads to energies that agree very well with the exact result at the Hartree-Fock level. For saturation density (k F = 1.7 fm −1 ), the difference is 340 keV, while for lower k F , the differences are always below 100 keV, as documented in Table I . This is very encouraging for evaluating higher-order contributions, where calculations with full 3N forces become increasingly more complex than with two-body interactions.
As expected from the partial-wave matrix elements, we find in Fig. 5 that chiral 3N forces at first order increase the neutron matter energy with increasing density, compared to results based only on low-momentum NN interactions. This repulsion is due to the central parts of V 3N , because noncentral forces do not contribute to the Hartree-Fock energy.
B. Second order: single-particle energies
For the contributions beyond Hartree-Fock, we need to calculate the single-particle energies ε k . These are determined by the self-consistent solution to the Dyson equation. To second order, we have
Here Σ (1) denotes the first-order NN and 3N contributions to the self-energy, which are real, Σ (2) includes the second-order two-particle-one-hole and two-holeone-particle terms, and the self-energy is averaged over the single-particle spin. The diagrams contributing to the self-energy to second order are given by
The resulting first-and second-order self-energies can be expressed in terms of two-body partial waves and one has (see also Ref. [31] )
where C JM lmSMS denote Clebsch-Gordan coefficients and Y lm k are spherical harmonics. In Eq. (31), the zaxis is taken in the P direction, we have used k dk = P k 1 d k 1 /(4π), and k = k 1 − P/2 determines the ar- 
We solve the Dyson equation, Eq. (28), selfconsistently using the self-energies given by Eqs. (30) and (31) . In Fig. 6 , we show the resulting effective mass at the Fermi surface,
At the Hartree-Fock level, 3N contributions only change the effective mass marginally. Including second-order contributions leads to the typical enhancement of the effective mass at the Fermi surface, and we find a larger impact of 3N forces for k F > 1.3 fm −1 .
C. Second order: energy per particle
We include the second-order contributions E
1 to E (2) 4
of Fig. 4 , which are given by
As in the second-order self-energy, the antisymmetrized two-body interactions when evaluating contributions beyond the Hartree-Fock level are given by V (2) as 
where {. . .} denote 6j-symbols and P L (cos θ) are Legendre polynomials. Keeping only L = 0 in Eq. (34) corresponds to the angle-averaging approximation for the Pauli-blocking operator, but we keep all L 6 for V low k and L 4 for V 3N . Our second-order results for the neutron matter energy, E NN+3N,eff = E
NN+3N,eff , are presented in Fig. 7 . The different contributions are listed in Table I . We observe that the cutoff dependence is reduced when going from first to second order. This is as expected based on the nuclear matter results [7, 8] , but for neutron matter the cutoff dependence is significantly weaker already at the Hartree-Fock level. The cutoff dependence increases with density and is less than 1 MeV per particle for the densities studied in Fig. 7 over the cutoff range 1.8 fm 2.5 fm −1 . This band sets the scale for omitted short-range many-body contributions and we discuss the theoretical uncertainties in the long-range parts in the following section. The weak cutoff dependence also demonstrates that the average momentum in the system (which is smaller than the Fermi momentum, because p 2 i = 3/5 k 2 F ) is well below the cutoff. Moreover, we have found that self-energy corrections to the neutron matter energy are practically negligible. The second-order energy with Σ = 0 is within 200 keV of the self-consistent results shown in Fig. 7 . In addition, the second-order energy contributions are always below 1.3 MeV per particle in Table I , except for the large cutoff Λ = 2.8 fm −1 cases. The second-order contributions practically only improve the cutoff independence of the results without changing the energy significantly. Moreover, for the lower cutoffs, the Hartree-Fock energies are already reliable. These findings combined suggest that neutron matter is perturbative at nuclear densities. Therefore, we are confident that the P = 0 approximation for V 3N is reliable, when evaluating the small second-order contributions, and that it is reasonable to neglect the residual 3N-3N diagram, E
5 .
D. Sensitivity to ci uncertainties
Next, we study the sensitivity of the second-order energy to uncertainties in the c i coefficients that determine the long-range part of N 2 LO 3N forces. This provides an update for chiral potentials of the results of Ref. [25] . The [32] . We note that at N 3 LO there are contributions that shift the c i [10] , and may lead to c 3 coefficients that are smaller in magnitude. In this study, we vary c i only in 3N forces, because of lack of N 3 LO NN potentials that explore these c i variations. However, based on the universality of V low k [8, 12] (starting from chiral potentials with two different c i sets [15, 16] in NN interactions, where these variations are also absorbed by higher-order contact interactions that have to be adjusted to reproduce NN scattering.
In Fig. 8 we show that the theoretical uncertainties of the neutron matter energy are dominated by the uncertainties in the c i coefficients, in particular the c 3 part, compared to the uncertainties of the many-body calculation or of neglected short-range many-body interactions probed by cutoff variations. The c 1 and c 3 variation leads to an energy uncertainty of ±1.5 MeV per particle at saturation density. Therefore, it is important to improve the constraints on c i . Figure 8 also shows that N 2 LO 3N forces provide a repulsive contribution to neutron matter at second order, even with this band.
We compare our neutron matter energy with the c i uncertainty band to other recent neutron matter results in Fig. 9 . These include Monte-Carlo calculations (GFMC v 6 and v ′ 8 [33] and QMC S-wave [2] ) and di-fermion EFT results [1] for lower densities, which are only sensitive to parts of NN interactions, at very low densities only to the neutron-neutron scattering length and effective range. In addition, we include in Fig. 9 the results of Akmal et al. [34] based on the Argonne v 18 NN and Urbana IX 3N potentials, where the repulsive 3N contributions arise from various terms.
E. Symmetry energy
The spread in the energy band of Fig. 8 corresponds to a range for the symmetry energy and its density dependence. In the following we explore this correlation and consequently also a possibility of using nuclear matter properties to constrain some of the c i couplings. As a function of asymmetry α = (ρ n − ρ p )/(ρ n + ρ p ), the energy of nuclear matter can be parameterized around saturation density as (see for example, Refs. [35, 36] )
with the density-dependent symmetry energy S 2 (ρ),
Here A is the nucleon number, a V the binding energy of symmetric nuclear matter at saturation density, K is the incompressibility, a 4 the symmetry energy and p 0 the linear dependence of the symmetry energy. Using the band of Fig. 8 over the density range 0.13 fm −3 < ρ < 0.19 fm −3 with empirical values for the saturation point ρ 0 = 0.16 fm −3 , a V = 16 MeV and incompressibilities K = 190/240 MeV (which are in the range of empirical values [36] and were obtained for the same interactions in Ref. [8] ), we find in Table II that the symmetry energy ranges from a 4 = (30.4−33.6) MeV and the linear dependence of the symmetry energy from p 0 = (2.0−2.9) MeV fm −3 . The value for p 0 is practically independent of the values of K. As shown in Table II , the resulting range for the symmetry energy and its density dependence is set by the uncertainty of the dominant c 3 . Compared to the empirical range a 4 = (25−35) MeV [36] , the microscopic range of ∼ 3 MeV is very useful and the comparison also suggests that smaller values in magnitude for c 3 may be somewhat favored.
F.
1 S0 pairing gap Three-nucleon forces also impact superfluid pairing gaps or the anomalous self-energy. Here we will focus on the change of the neutron-neutron 1 S 0 pairing gap ∆ due to chiral 3N forces compared to the gap based on NN interactions. For simplicity, we neglect induced interactions and study the pairing gap at the BCS level. In this approximation, the contribution of 3N forces to the pairing interaction originates from two paired particles on the Fermi surface in back-to-back momentum states and the third particle is summed over occupied states in the superfluid BCS ground state. This means that the gap equation is given diagrammatically by
The kinematics in V 3N is always P = 0 for the interacting particle pair in the gap equation and therefore taking P = 0 in V 3N is exact in this case. The only approximation using V 3N at the BCS level consists in having performed the sum over occupied states in the normal Fermi sea. However, the difference to summing over occupied states in the BCS state is of higher order in ∆/ε F (ε F = k 2 F /(2m) being the Fermi energy), which is small in neutron matter especially at the densities where 3N forces are effective.
In the BCS approximation, the 1 S 0 superfluid gap ∆(k) is obtained by solving the gap equation,
where the chemical potential µ = ε kF at the BCS level and the pairing interaction is given by the two-body interaction including V 3N in the
The gap equation including 3N forces, Eq. (38), can be derived explicitly by minimizing the expectation value of the Hamiltonian in the BCS state [37] .
We consider two cases for the single-particle energies, a free spectrum ε k = k 2 /(2m) and Hartree-Fock singleparticle energies ε surface ∆(k F ) are presented in Fig. 10 as a function of the Fermi momentum. The inclusion of N 2 LO 3N forces leads to a reduction of the pairing gap for Fermi momenta k F > 0.6 fm −1 , as expected since the 1 S 0 channel of V 3N is repulsive in Fig. 2 . This reduction agrees qualitatively with results based on 3N potential models, see for example, Ref. [38] . While the impact of 3N forces seems small in Fig. 10 , for the densities, where the gap is decreasing, the reduction due to 3N forces is significant. Figure 10 also shows that the effects of 3N forces relative to NN interactions is very similar for free and Hartree-Fock single-particle energies.
IV. CONCLUSIONS AND OUTLOOK
In summary, we have shown that only the c 1 and c 3 terms of the long-range 2π-exchange part of the leading chiral 3N forces contribute in neutron matter. Based on these parts and including all exchange terms, we derived density-dependent two-body interactions V 3N for general momentum and spin configurations by summing the third particle over occupied states in the Fermi sea. The resulting V 3N was found to be dominated by the repulsive central part. The comparison to the exact Hartree-Fock energy demonstrated that the P dependence is very weak and we have therefore taken P = 0 in V 3N . In addition, the partial-wave matrix elements of our full V 3N approximately agree with the density-dependent two-body forces derived recently in the framework of in-medium chiral perturbation theory with certain approximations in Ref. [39] .
The density-dependent two-body interactions V 3N correspond to the normal-ordered two-body part of 3N forces and we stressed that there are different normal ordering or symmetry factors when V 3N is used at the Hartree-Fock, one-or two-body level. Moreover, it is important that the summation of the third particle over occupied states is performed in the basis consistent with the one used in the many-body calculation.
We have presented the first results for neutron matter based on chiral EFT interactions and including N 2 LO 3N forces. The RG evolution of N 3 LO NN potentials to low momenta rendered the many-body calculation more controlled and our results for the energy suggest that neutron matter is perturbative at nuclear densities. This is based on small second-order contributions, self-energy corrections being negligible, and a generally weak cutoff dependence. We have found that N 2 LO 3N forces provide a repulsive contribution to the energy due to the repulsive central part in V 3N . An important direction for future work is understanding the connection to the repulsive 3N contributions to the oxygen isotopes discovered in Ref. [40] .
We have studied in detail the theoretical uncertainties of the neutron matter energy and found that the uncertainty in the c 3 coefficient of 3N forces dominates compared to other many-body uncertainties. This resulted in an energy band in Fig. 9 . Other recent neutron matter calculations were found to lie within this band. Moreover, the energy band provides microscopic constraints for the symmetry energy and its density dependence, and thus for the neutron skin in 208 Pb [42] . Finally, we have obtained a significant reduction of the 1 S 0 superfluid pairing gap due to 3N forces for densities where the gap is decreasing. Our results show that chiral EFT and RG interactions can provide useful constraints for developing a universal density functional based on microscopic interactions [4, 5, 41] .
